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Asymptotic lower bounds for Gallai-Ramsey functions and
numbers ∗
Zhao Wang†, Yaping Mao‡§, Hengzhe Li ¶, Suping Cui ‖
Abstract
For two graphs G,H and a positive integer k, the Gallai-Ramsey number gr
k
(G,H) is defined as
the minimum number of vertices n such that any k-edge-coloring of Kn contains either a rainbow (all
different colored) copy of G or a monochromatic copy of H . If G and H are both complete graphs,
then we call it Gallai-Ramsey function GRk(s, t), which is the minimum number of vertices n such
that any k-edge-coloring of Kn contains either a rainbow copy of Ks or a monochromatic copy of Kt.
In this paper, we derive some lower bounds for Gallai-Ramsey functions and numbers by Lovo´sz Local
Lemma.
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1 Research Background
Ramsey theory, named from the British mathematician Frank P. Ramsey, is a branch of mathematics that
studies the conditions under which order must appear. Problems in Ramsey theory typically ask a question
of the form: “how many elements of some structure must there be to guarantee that a particular property
will hold?” More specifically, Ron Graham describes Ramsey theory as a “branch of combinatorics”. We
refer the readers to [10] for a classical book of Ramsey theory.
1.1 Ramsey theorem
In this work, we consider only edge-colorings of graphs. A coloring of a graph is called rainbow if no two
edges have the same color. Let [n] = {1, 2, . . . , n} and [n]2 = {Y : Y ⊂ {1, 2, . . . , n}, |Y | = 2}.
We write n → (ℓ1, ℓ2, . . . , ℓr) if, for every r-coloring of [n]
2, there exists i, 1 ≤ i ≤ r, and a set T ,
|T | = ℓi so that [T ]
2 is colored i. The Ramsey function R(ℓ1, ℓ2, . . . , ℓr) denotes the minimal n such that
n→ (ℓ1, ℓ2, . . . , ℓr).
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Theorem 1.1. (Ramsey’s theorem) [10] The function R is well defined, that is, for all ℓ1, ℓ2, . . . , ℓr
there exists n such that
n→ (ℓ1, ℓ2, . . . , ℓr).
The Ramsey function only consider complete graphs. But later, the Ramsey number are considered
for general graphs. Given k graphs H1,H2, . . . ,Hk, let R(H1,H2, . . . ,Hk) denote the minimum number
of vertices n needed so that every k-edge-coloring of Kn contains a monochromatic Hi, where 1 ≤ i ≤ n.
If H1 = H2 = · · · = Hk, then we write the number as Rk(H).
We refer the readers to [16] for a dynamic survey of small Ramsey numbers.
1.2 Gallai-Ramsey number and function
Colorings of complete graphs that contain no rainbow triangle have very interesting and somewhat surpris-
ing structure. In 1967, Gallai [9] first examined this structure under the guise of transitive orientations.
The result was reproven in [14] in the terminology of graphs and can also be traced to [1]. For the following
statement, a trivial partition is a partition into only one part.
Theorem 1.2 ([1, 9, 14]). In any coloring of a complete graph containing no rainbow triangle, there
exists a nontrivial partition of the vertices (that is, with at least two parts) such that there are at most
two colors on the edges between the parts and only one color on the edges between each pair of parts.
For ease of notation, we refer to a colored complete graph with no rainbow triangle as a Gallai-coloring
and the partition provided by Theorem 1.2 as a Gallai-partition. The induced subgraph of a Gallai colored
complete graph constructed by selecting a single vertex from each part of a Gallai partition is called the
reduced graph of that partition. By Theorem 1.2, the reduced graph is a 2-colored complete graph.
Although the reduced graph of a Gallai partition uses only two colors, the original Gallai-colored
complete graph could certainly use more colors. With this in mind, we consider the following generalization
of the Ramsey numbers. Given two graphs G and H, the k-colored Gallai-Ramsey number grk(G : H) is
defined to be the minimum integer m such that every k-edge-coloring of the complete graph on m vertices
contains either a rainbow copy of G or a monochromatic copy of H. With the additional restriction of
forbidding the rainbow copy of G, it is clear that grk(G : H) ≤ Rk(H) for any graph G.
In [13], Gya´rfa´s et al. obtained the following nice result.
Theorem 1.3. [13] Let H be a fixed graph with no isolated vertices. If H is not bipartite, then grk(K3 : H)
is exponential in k. If H is bipartite, then grk(K3 : H) is linear in k.
We refer the interested reader to [8] for a dynamic survey of rainbow generalizations of Ramsey theory,
including topics like Gallai-Ramsey numbers.
We write n
GRk−→ (s, t) if, for every k-coloring of [n]2, there exists a set S such that [S]2 is rainbow
or there exists a set T so that [T ]2 is monochromatic, where |S| = s and |T | = t. The Gallai-Ramsey
function GRk(s, t, t, . . . , t) (k times of t) or GRk(s, t) denotes the minimal n such that
n
GRk−→ (s, t).
Note that GRk(s, t) = grk(Ks : Kt). If k = 2, then GR2(s, t) = gr2(Ks : Kt) = R(s, t).
Since grk(G : H) ≤ Rk(H) for any graph G, it follows that the following corollary is immediate from
Theorem 1.1.
2
Corollary 1.4. The function GRk is well defined, that is, for all s, t there exists n such that
n
GRk−→ (s, t).
1.3 Main results
The probabilistic method is a powerful technique for approaching asymptotic combinatorial problems.
The following probability result, due to L. Lovo´sz, fundamentally improves the Existence argument in
many instances. Let A1, . . . , An be events in a probability space Ω.
A graph G on [n] is said to be a dependency graph of {Ai} if, for all i, the event Ai is mutually
independent of {Aj : {i, j} /∈ E(G)]}. Ai must be not only independent of each Aj but of any combination
of the Aj.
Theorem 1.5. (Lovo´sz Local Lemma [6]) Let A1, . . . , An be events with a dependency graph G. Sup-
pose that there exists x1, . . . , xn, 0 < xi < 1, so that, for all i,
Pr[Ai] < xi
∏
{i,j}∈E(G)
(1− xj).
Then Pr[
∧
Ai] > 0.
In [18], Spencer studied the some asymptotic lower bounds for Ramsey functions. Li et al. [15]
investigated the asymptotic upper bounds for Ramsey functions. Chen et al. [3] got the asymptotic
bounds for irredundant and mixed Ramsey numbers. Caro et al. [2] obtained the asymptotic bounds
for some bipartite graphs. In [12], Godbole et al. studied the asymptotic lower bound on the diagonal
Ramsey numbers. Erdo¨s and Hattingh [5] investigated the asymptotic bounds for irredundant Ramsey
numbers.
In Subsection 2.1, we obtain a lower bound of Gallai-Ramsey function for a fixed probability of
receiving colors for each edge. By Lovo´sz Local Lemma, we derive another lower bound of Gallai-Ramsey
function for a flexible probability of receiving colors for each edge. In Subsection 2.2, we got some lower
bounds for Gallai-Ramsey numbers by the same method.
2 Main results
The following lemma, which is a consequence of Theorem 1.5, will be used later.
Lemma 2.1. [10] Under the assumption of Theorem 1.5, if there exist positive y1, . . . , yn, with yi Pr(Ai) <
1 such that
ln yi >
∑
{i,j}∈E(G)
yj Pr(Aj),
then Pr[
∧
Ai] > 0.
2.1 Results for general Gallai-Ramsey function
For a fixed probability of receiving colors for each edge, we can derive the following lower bound of
GRk(s, t).
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Theorem 2.1. Let s, t be two positive integers with r, s ≥ 3. For k ≥
(s
2
)
, we have
GRk(s, t) >
1
e
·min

 ss√
L+ k1−(
t
2
)
,
t
t
√
L+ k1−(
t
2
)

 .
Proof. More precisely, we show that if
max
{(ne
s
)s (
L+ k1−(
t
2
)
)
,
(ne
t
)t (
L+ k1−(
t
2
)
)}
< 1,
then GRk(s, t) > n, that is, there exists a k-coloring of Kn with vertex set {u1, u2, . . . , un} containing
neither a rainbow Ks nor a monochromatic Kt. Consider a random k-coloring of Kn, where the color
of each edge is determined by the toss of a fair coin. More precisely, we have a probability space whose
elements are the k-colorings of Kn, and whose probabilities are determined by setting
Pr[{ui, uj} is cx] = k
−1, (1)
where ui, uj ∈ V (Kn), c1, c2, . . . , ck are the all colors and 1 ≤ x ≤ k, for all i, j and making these
probabilities mutually independent.
Thus there are k(
n
2
) colorings, each with probability k−(
n
2
). For any set of vertices S, |S| = s, let AS
denote the event “S is rainbow.” Then
Pr[AS ] =
k(k − 1)(k − 2) · · ·
(
k −
(
s
2
)
+ 1
)
k(
s
2
)
.
For any set of vertices T , |T | = t, let BT denote the event “T is monochromatic.” Then
Pr[BT ] = k
1−(t
2
),
as the
(t
2
)
“coin flips” to determine the colors of [S]2 must be the same.
The event “some s-element set of vertices S is rainbow” is represented by
∨
|S|=sAS , and “some
t-element set of vertices T is monochromatic” is represented by
∨
|T |=tBT . Then
Pr



 ∨
|S|=s
AS

∨

 ∨
|T |=t
BT



 ≤ Pr



 ∨
|S|=s
AS



+ Pr



 ∨
|T |=t
BT




≤
∑
|S|=s
Pr[AS ] +
∑
|T |=t
Pr[BT ]
=
(
n
s
)
k(k − 1)(k − 2) · · ·
(
k −
(s
2
)
+ 1
)
k(
s
2
)
+
(
n
t
)
k1−(
t
2
)
<
(
n
s
)(
k(
s
2
)) (s2)!
k(
s
2
)
+
(
n
t
)
k1−(
t
2
)
<
(
n
s
)(
ke(s
2
)
)(s
2
) (s
2
)
!
k(
s
2
)
+
(
n
t
)
k1−(
t
2
)
<
(
n
s
)(
e(s
2
)
)(s
2
)(
s
2
)
! +
(
n
t
)
k1−(
t
2
)
=
(
n
s
)
L+
(
n
t
)
k1−(
t
2
).
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Let N =
(
n
s
)
L+
(
n
t
)
k1−(
t
2
). If s ≤ t, then
N <
(
n
t
)(
L+ k1−(
t
2
)
)
≤
(ne
t
)t (
L+ k1−(
t
2
)
)
, and hence n <
t
e
t
√
L+ k1−(
t
2
)
.
If s > t, then
N <
(
n
s
)(
L+ k1−(
t
2
)
)
≤
(ne
s
)s (
L+ k1−(
t
2
)
)
, and hence n <
s
e
s
√
L+ k1−(
t
2
)
.
From the above argument, we have
GRk(s, t) >
1
e
·min

 ss√
L+ k1−(
t
2
)
,
t
t
√
L+ k1−(
t
2
)

 .
For a flexible probability of receiving colors for each edge, we have the following two results.
Theorem 2.2. If, for some p1, p2, . . . , pk, 0 ≤ pi ≤ 1 (1 ≤ i ≤ k),(
n
s
)[(
s(s− 1)
2
)
!
] ∑
x1,x2,...,x(s2)
⊆{1,2,...,k}
px1px2 · · · p(s
2
) +
(
n
t
) ∑
xi∈{1,2,...,k}
p
(t
2
)
xi < 1,
then GRk(s, t) > n, where k ≥
(
s
2
)
and c1, c2, . . . , ck are all k colors.
Proof. We use the existence argument of Theorem 2.1, replacing by (1),
Pr[{ui, uj} is cx] = px,
where ui, uj ∈ V (Kn), c1, c2, . . . , ck are the all colors and 1 ≤ x ≤ k, for all i, j and making these
probabilities mutually independent.
For S, |S| = s let AS be the event “[S]
2 is rainbow,” and for T , |T | = t, let BT be the event “[T ]
2 is
monochromatic.” Then
Pr



 ∨
|S|=s
AS

∨

 ∨
|T |=t
BT



 < 1,
so the desired coloring of Kn exists.
Theorem 2.3. Let k, s, t be two positive integers with r, s ≥ 6 and k ≥
(s
2
)
. Then
GRk(s, t) >
1
βc2
(
(t− 1)N−1/γ
ln((t− 1)N−1/γ)
)β
,
where
β =
[(
s
2
)
− 1
]
/(s + 1), γ =
(
s
2
)
− 1, N =
(
s
2
)
(k − 1)2−(
s
2
)(k − 2)(k − 3) · · ·
(
k −
(
s
2
)
+ 1
)
.
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Proof. Let the edges of Kn be independently k-colored with the probability that an edge is colored
ci (1 ≤ i ≤ k − 1) always being
p
k−1 , and ck being 1− p. To each s-element subset of vertices S associate
the event AS that all the edges spanned by S have colored rainbow. To each t-element subset of vertices
T associate the event BT that all the edges spanned by T have colored monochromatic. Observe that
GRk(s, t) > n if
Pr
[(∧
S
AS
)∧(∧
T
BT
)]
> 0.
Let Γ denote the graph
(n
s
)
+
(n
t
)
vertices corresponding to all possible AS and BT , where {AS , BT }
is an edge of Γ if and only if |S ∩ T | ≥ 2 (i.e., the events AS and BT are dependent), the same applies to
pairs of the form {AS , AS′} and {BT , BT ′}. Let NAA denote the number of vertices of the form AS for
some S joined to some other vertex of this form, and let NAB , NBA and NBB be defined analogously. If
there exist positive p, y, z such that
log y > yPr[AS ](NAA + 1) + z Pr[BT ]NAB , log z > yPr[AS ]NBA + z Pr[BT ](NBB + 1), (2)
then GRk(s, t) > n. Since
Pr[AS ] = (k − 1)(k − 2) · · ·
(
k −
(
s
2
))(
p
k − 1
)(s
2
)
+
(
s
2
)
(1− p)(k − 1)(k − 2) · · ·
(
k −
(
s
2
)
+ 1
)(
p
k − 1
)(s
2
)−1
≤
(
s
2
)
(k − 1)(k − 2) · · ·
(
k −
(
s
2
)
+ 1
)(
p
k − 1
)(s
2
)−1 [(
k −
(
s
2
))(
p
k − 1
)
+ (1− p)
]
≤ Np(
s
2
)−1,
and
Pr[BT ] = (1− p)
(t
2
) + (k − 1)
(
p
k − 1
)(t
2
)
≤ (1− p)(
t
2
) + (k − 1)
(
p
k − 1
)(t
2
)
≤ (1− p)(
t
2
) + p
(
p
k − 1
)(t
2
)−1
≤ (1− p)(
t
2
) + p(1− p)(
t
2
)−1 = (1− p)(
t
2
)−1,
it follows that
N(A,B) =
(
n
t
)
−
(
n− s
t
)
− s
(
n− s− 1
t− 1
)
≤
(
n
t
)
, N(A,A) + 1 ≤
(
n
s
)
,
N(B,B) + 1 =
(
n
t
)
−
(
n− t
t
)
− t
(
n− t
t− 1
)
<
(
n
t
)
, N(B,A) ≤
(
n
s
)
.
Set
p = c1n
−1/β ·N (−1)/γ , t− 1 = c2n
1/β(lnn)N1/γ ,
and
z = exp
[
c3n
1/β(ln n)2N1/γ
]
, y = 1 + ǫ,
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where
ln(1 + ǫ) >
(1 + ǫ)c
(s
2
)−1
1
n
+ exp(n1/β(lnn)2N1/γ)
(
c3 + c2 −
c1c
2
2
4
)
.
Observe that
ln y > y ·Np(
s
2
)−1 ·
(
n
s
)
+ z
[
(1− p)(
t
2
)−1
]
·
(
n
t
)
and
ln z > y ·Np(
s
2
)−1 ·
(
n
s
)
+ z
[
(1− p)(
t
2
)−1
]
·
(
n
t
)
.
If c3 + c2 −
c1c22
4 < 0 and t is large, then the equations (2) hold. Since
t− 1 = c2n
1/β(ln n)N1/γ = (βc2)n
1/β(lnn1/β)N1/γ < (βc2)n
1/β ln(tN−1/γ),
it follows that
n1/β >
(t− 1) ·N1/γ
(βc2) ln((t− 1)N−1/γ)
,
and hence the result follows.
2.2 Results for general Gallai-Ramsey number
For a fixed probability of receiving colors for each edge, we can derive the following lower bound of
grk(G,H).
Theorem 2.4. Let G,H be two graphs of order r, s ≥ 4 and size ms,mt, respectively. Let x
∗ =
min{x |
(
x
2
)
≥ ms} and y
∗ = min{y |
(
y
2
)
≥ mt}. For k ≥ 2,
grk(G,H) >
ℓ
e
·
(
k(k − 1)(k − 2) · · · (k −ms + 1)X
(
1
k
)ms
+ k
(
1
k
)mt
Y
)(−1)/ℓ
,
where
X =
((s
2
)
ms
)
−
s−x∗∑
i=1
(
s
i
)((s−i
2
)
ms
)
, Y =
((t
2
)
mt
)
−
t−y∗∑
i=1
(
t
i
)((t−i
2
)
mt
)
.
Proof. More precisely, we show that if (ne
ℓ
)ℓ
N < 1,
then grk(s, t) > n, that is, there exists a k-coloring of Kn with vertex set {u1, u2, . . . , un} containing
neither a rainbow G nor a monochromatic H. Consider a random k-coloring of Kn, where the color of
each edge is determined by the toss of a fair coin. More precisely, we have a probability space whose
elements are the k-colorings of Kn, and whose probabilities are determined by setting
Pr[{ui, uj} is cx] = k
−1, (3)
where c1, c2, . . . , ck are the all colors and 1 ≤ x ≤ k, for all i, j and making these probabilities mutually
independent.
Thus there are k(
n
2
) colorings, each with probability k−(
n
2
). For any set of vertices S, |S| = s, let AS
denote the event that all the induced graphs spanned by S contains a rainbow G. Then
Pr[AS ] ≤ k(k − 1)(k − 2) · · · (k −ms + 1)X
(
1
k
)ms
.
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For any set of vertices T , |T | = t, let BT denote the event that all the induced graphs spanned by T
contains a monochromatic H. Then
Pr[BT ] ≤ k
(
1
k
)mt
Y.
as the
(t
2
)
“coin flips” to determine the colors of [S]2 must be the same.
The event “some S of vertices that G is rainbow” is represented by
∨
|S|=sAS , and “some T of vertices
that H is monochromatic” is represented by
∨
|T |=tBT . Then
Pr



 ∨
|S|=s
AS

∨

 ∨
|T |=t
BT



 ≤ Pr



 ∨
|S|=s
AS



+ Pr



 ∨
|T |=t
BT




≤
∑
|S|=s
Pr[AS ] +
∑
|T |=t
Pr[BT ]
=
(
n
s
)
k(k − 1)(k − 2) · · · (k −ms + 1)X ·
(
1
k
)ms
+
(
n
t
)
k
(
1
k
)mt
Y
≤
(
n
ℓ
)
N,
where ℓ = max{min{s, n− s},min{t, n− t}} and
N = k(k − 1)(k − 2) · · · (k −ms + 1)X
(
1
k
)ms
+ k
(
1
k
)mt
Y.
Furthermore, if (
n
ℓ
)
N <
(ne
ℓ
)ℓ
N < 1,
then
n <
ℓ
eN1/ℓ
.
From the above argument, we have
grk(G,H) >
ℓ
e
·
(
k(k − 1)(k − 2) · · · (k −ms + 1)X
(
1
k
)ms
+ k
(
1
k
)mt
Y
)(−1)/ℓ
.
For two general graphs, we can give lower bound for Gallai-Ramsey number.
Theorem 2.5. Let G be a graph of order s ≥ 4 and size ms, respectively. and H is a complete graph of
order t. Let c1, c2, c3 be three numbers with c3 +
c2
2 −
c1c22
2 < 0. For k ≥ 2, if and ms ≥ 2s, then
grk(G,H) >
(
(t− 1)(s + 1)L(−1)/(ms−1)
c2(ms − 1) ln
[
(t− 1)L(−1)/(ms−1)
]
)(ms−1)/(s+1)
,
where
L = ms(k − 1)
2−ms(k − 2)(k − 3) · · · (k −ms + 1)X,
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and
X =
((s
2
)
ms
)
−
s−x∗∑
i=1
(
s
i
)((s−i
2
)
ms
)
.
Proof. Let the edges of Kn be independently k-colored with the probability that an edge is colored
ci (1 ≤ i ≤ k − 1) always being
p
k−1 , and ck being 1 − p. For a vertex subset S with exactly s vertices,
the event AS that all the induced graphs spanned by S contains a rainbow G. For a vertex subset T with
exactly t vertices, the event BT that all the induced graphs spanned by T contains a rainbow H. Observe
that grk(G,H) > n if
Pr
[(∧
S
AS
)∧(∧
T
BT
)]
> 0.
Let Γ denote the graph
(
n
s
)
+
(
n
t
)
vertices corresponding to all possible AS and BT , where {AS , BT }
is an edge of Γ if and only if |S ∩ T | ≥ 2(i.e., the events AS and BT are dependent), the same applies to
pairs of the form {AS , AS′} and {BT , BT ′}. Let NAA denote the number of vertices of the form AS for
some S joined to some other vertex of this form, and let NAB, NBA and NBB be defined analogously.
If there exist positive p, y, z such that
log y > yPr[AS ](NAA + 1) + zPr[BT ]NAB , log z > yPr[AS ]NBA + zPr[BT ](NBB + 1), (4)
then grk(G,H) > n. Since
Pr[AS ] ≤ (k − 1)(k − 2) · · · (k −ms)X
(
p
k − 1
)ms
+ms(1− p)(k − 1)(k − 2) · · · (k −ms + 1)X
(
p
k − 1
)ms−1
= ms(k − 1)(k − 2) · · · (k −ms + 1)X
(
p
k − 1
)ms−1
·
[
(k −ms)
(
p
k − 1
)
+ 1− p
]
≤ ms(k − 1)(k − 2) · · · (k −ms + 1)X
(
p
k − 1
)ms−1
= ms(k − 1)
2−ms(k − 2)(k − 3) · · · (k −ms + 1)Xp
ms−1 = Lpms−1
and
Pr[BT ] ≤
[
(1− p)mt + (k − 1)
(
p
k − 1
)mt]
=
[
(1− p)mt + p
(
p
k − 1
)mt−1]
≤
[
(1− p)mt + p (1− p)mt−1
]
= (1− p)mt−1
it follows that
N(A,B) =
(
n
t
)
−
(
n− s
t
)
− s
(
n− s− 1
t− 1
)
≤
(
n
t
)
, N(A,A) + 1 ≤
(
n
s
)
,
N(B,B) + 1 =
(
n
t
)
−
(
n− t
t
)
− t
(
n− t
t− 1
)
<
(
n
t
)
, N(B,A) ≤
(
n
s
)
.
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Set
p = c1n
−(s+1)/(ms−1) · L(−1)/(ms−1), t− 1 = c2n
(s+1)/(ms−1)(ln n)L1/(ms−1),
and
z = exp
[
c3n
(s+1)/(ms−1)(lnn)2L1/(ms−1)
]
, y = 1 + ǫ.
Observe that
ln y > y · Lpms−1 ·
(
n
s
)
+ z · (1− p)mt−1 ·
(
n
t
)
and
ln z > y · Lpms−1 ·
(
n
s
)
+ z · (1− p)mt−1 ·
(
n
t
)
.
Note that mt =
(t
2
)
. If c3 +
c2
2 −
c1c22
2 < 0 and t is large, then the equations (4) hold. Since
t = c2n
(s+1)/(ms−1)(lnn)L1/(ms−1) + 1
= c2n
(s+1)/(ms−1)ms − 1
s+ 1
(lnn(s+1)/(ms−1))L1/(ms−1) + 1
≤ c2n
(s+1)/(ms−1)ms − 1
s+ 1
(lnn(s+1)/(ms−1))L1/(ms−1) + 1
≤ c2n
(s+1)/(ms−1) ·
ms − 1
s+ 1
· ln
[
(t− 1)L(−1)/(ms−1)
]
· L1/(ms−1) + 1,
it follows that
n(s+1)/(ms−1) >
(t− 1)(s + 1)L(−1)/(ms−1)
c2(ms − 1) ln
[
(t− 1)L(−1)/(ms−1)
] ,
and hence the result follows.
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